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Abstract

The joint probability distribution function method has
been developed in P1 for reflections with rational
indices. The positional atomic parameters are consid-
ered to be the primitive random variables, uniformly
distributed in the interval (0, 1), while the reflection
indices are kept fixed. Owing to the rationality of the
indices, distributions like P(F,, F,) are found to be
useful for phasing purposes, where p; and p, are any pair
of vectorial indices. A variety of conditional distribu-
tions like P(|Fy |[|Fy,]), P(IFy | |Fy,), P(gy | 1Fy |, Fp)) are
derived, which are able to estimate the modulus and
phase of F,, given the modulus and/or phase of F, . The
method has been generalized to handle the joint
probability distribution of any set of structure factors,
i.e. the distributions P(Fl, Fz, ey Fn+1)7 P(|F1| |F2, ey
F..1) and P(gi||Fl1, F», ..., F,,;) have been obtained.
Some practical tests prove the efficiency of the
method.

1. Symbols and notation

N: number of atoms in the unit cell

f;: scattering factor of the jth atom (thermal factor
included)

h: three-dimensional index with integral components
(h, k, 1)

P, q: three-dimensional indices with rational components
(P1; 2. P3)s (q1, 92, q3), Tespectively

Ps=P1tDy+D;3

4, =q,+q,+qs

¢: phase of the structure factor

N
Z(p), Zi(q) = ;f,

N
Z,(p), 2,(q) = ;f,z

Z(p.q) = ;f,»(p)f,-(q)-
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Papers by Giacovazzo & Siligi (1998) and Giacovazzo et
al. (1999) will be referred to as paper I and paper II,
respectively.

2. Introduction

Wilson’s statistics (Wilson, 1942) may be considered the
first step for the development of the direct-methods
procedures. They allow diffraction data to be put on the
absolute scale and provide an estimate of the overall
Debye—Waller factor. If the atomic positions are
assumed to be the primitive random variables while the
reflections indices are kept fixed, Wilson’s statistical
method is able to predict the most probable value of the
structure-factor modulus, but is unable to estimate its
phase. The joint probability distribution method of the
structure factors (Hauptman & Karle, 1953) filled the
gap: estimates of both moduli and phases became
available, provided the indices of the reflections
involved in the distribution give rise to structure invar-
iants or seminvariants. The practical procedures proved
to be quite efficient: today, direct methods are consid-
ered the most efficient tool for solving up to medium-
size crystal structures.

In papers I and II of this series, the probability
distribution P(E,) has been derived in Pl and PI,
respectively, for rational values of py, p,, ps. For integral
values of the indices, the distribution coincides with
Wilson’s distribution, but it may strongly differ if the
indices are (or are close to) half-integers. The deviations
are quite remarkable if the integral parts of the indices
are small, and increase with the size of the structure.
Unlike in Wilson statistics, in favourable circumstances
both the moduli and the phases can be accurately esti-
mated. Papers I and II show that Wilson’s statistics are
part of a larger family, the statistics of the structure
factors with rational indices.

It is now natural to consider papers I and II of this
series as the first step for studying a wider field, i.e. the
development of direct methods applied to reflections
with rational indices. To this end, the joint probability
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distribution of structure factors must be developed, by
allowing the indices to vary over the set of rational
numbers. This paper starts such a study in P1. We will
see that the indices of the reflections involved in the
joint probability distribution functions do not necess-
arily give rise to structure invariants or seminvariants.
Indeed, phase as well as modulus estimates can be
obtained by considering pairs of reflections: this addi-
tional degree of freedom is allowed by the rationality of
the indices and by our assumptions on the primitive
random variables. Joint probability distribution func-
tions of structure factors giving rise to structure invari-
ants can also be useful, but they will be examined in a
future paper.

We will first derive here the joint probability distri-
bution P(F,, F,), where p and q can be any pair of
vectors with rational components, the case of integral
component included. We will show that, in favourable
circumstances, F, and Fgy are statistically correlated with
each other (§3). We will then derive a family of related
distributions, the most promising of which (§6) are able
to estimate the phase and modulus of a structure factor
when other phases and moduli are a priori known. Some
initial experimental tests are also described and prove
the efficiency of our method.

The possible applications of the probabilistic rela-
tionships established in this paper are not completely
defined. The reader will find a wide report in the
Introduction of paper 1.

3. The distribution P(F, F,)

Let us suppose that the indices p and q are kept fixed
and that the variables x; y;, z;, j=1,...,N/2, are
independently and uniformly distributed in the interval
(0, 1). In order to satisfy the latter condition for all the
atoms in the unit cell [ie x;, y, z, j=1,...,N,
distributed in the interval (0, 1)], the N/2 symmetry-
equivalent atoms are generated by applying the inver-
sion centre at (1/2,1/2,1/2). Then (see paper II),

F,=A,+iB, Fy=A,+1iB,,
where

A, = cos(mp,)Ag,, B, = sin(7p,)A,, (1)

A, = cos(q,)A B, =sin(nq)Aq,,  (2)

Oq>

N/2

Agp =2 Zf] cos[(mp,) — 27p - 1;]. 3)

The phases of F,, and F, are given by
(pp = tan_l{[Sin(nps)AOp]/[cos(nps)A()p]}9 (4)

@y = tan” ' {[sin(rq,)A,]/[cos(q)Ag )}, (5)
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respectively. If the distribution P(Agp, Aog) is known, the
other distributions of interest easily follow. Indeed:

(@) The distribution P(A,, A,) is obtained through the
change of variables given by the relations (1) and (2).

(b) Since B, and By are algebraically related to A,
and A, via

B, = A, tan(mp,), B, = A tan(mq,),

the distribution P(A,, B, Aq, Bg) is simply

P(A,, Ay 8B, — A, tan(mp,)] §[B, — A, tan(q,)],

where §is the Diracdeltafunction. Thus, P(A,, By, A4, By)
is completely known when P(A,, A4) is known.
(¢) Since

|F,|> = A} + B, = A}

oo |Fgl> =A%+ By = Af,. (6)

the distribution P(|F,|, |Fy|) is fixed once P(Aqp, Aog) is
available. Also the phases ¢, and ¢, are algebraically
fixed by (4) and (5) when A,, and Ay, are known.
Indeed,

Fp = |Fp| exp(igop) = A()p exp(inpx)’

Fy = Ay expling,),
from which

AOp = |Fp| exp[i(wp - nps)] = |Fp| COS((pp - nps)’

AOq = |Fq| COS(("q - nqs)

are obtained. As a consequence, P(@,, ¢4l |Fpl, |Fql) is
also known if P(Agp, Agq) is known.

The characteristic function C(uy, u,) of the distribu-
tion P(Agp, Aoq) may be written in terms of the cumu-
lants K; of the distribution. If only terms up to the
second order are considered, we have

Cluy, uy) = expli(Kyou, + Ky u,)
- (Kzo’/‘% + Kozu% + 2K, uyu,) /2],
where

Ky =my, = Zl(p)cp1/26p2/26p3/2’

K()l = my = z:1(q)cql/2642/26‘13/2’
Ky = myy — m2y = Zo(p)(1 + — 20 hCh aCh )
20 = Mgy — Mg 2P Cp1€p:Cps T “Cp1/2%p22Sp3/2)
Ky =my—mi, =21 +c, c,c, —2c 2 e )
02 02 01 2\q 71%9,%a3 91/2%q,/2%q3/2/>

Ky =my — mygmy,
= (0, D=2¢,, 265, /26, /2C4, 12C0, 20,2
F Cp14a/2C0r+42)/2C (03 +43)/2

+ C(PI *41)/26(172*112)/2%173 *‘13)/2]’

¢, = sin(27p,)/2np,),
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¢, = sin(2nq;)/(27q;).

my; are the joint moments of the distribution. The reader
will find in Appendix A of paper II the technique for the
derivation of my, mg;, My, Mgy, the mixed moment m,;
is derived in Appendix A of this paper. By repeated
application of (35), we obtain

P(A()p’ A(]q) = (277)72 f f C(uy, uy)
X exp(—iuy Ay, — iuyAgg) duy du,
= 2m) ' ATV exp{—(2A) !
X [Kpp(Agp — Km)z + Ko(Agg — Ky )
— 2K, (Ag, — Kyo)(Agq — Ko} (7

where

Kll

Ky = KKy, — K3y > 0.

Equation (7) is the first basic result of this paper. We
note:

(a) Equation (7) is a two-dimensional normal distri-
bution, with expected marginal moments (Ag,) = K
and <A0q) = KOl'

(b) The cumulant K is in general different from zero.
Thus the knowledge of Ayq may provide information on
Ay, and vice versa.

(c) Ky regulates the correlation between A, and Agg.
The K, value depends on the resolution of the reflec-
tions p and q through the term %,,(p, q), and on the type
of the indices (through the ¢ coefficients). The three
contributions in the K;; expression may be so inter-
preted: ¢, _412C(,—q,)/2C(ps—a5)/2 1S due to the simulta-
neous knowledge of Ao, and Ay, (and depends on the
relative position of p and q in the reciprocal space),
Clor+a0)/2C (24426 03432 is due to the consequent
knowledge of the pair Ay, and Ay_q) (and depends on
the relative position of p and —q in the reciprocal
space), the term ¢,, /¢, €, 2C,. 12€,, 7€y, 12 1S the amount
of correlation generated by prior information on Fyg.
Indeed, this latter information produces the estimates
(Agp) = Ky and (Aoq) = K¢ and, consequently, their
combination in Kjq; this third contribution depends on
the absolute positions of p and q in reciprocal space.

If both p and q have integral components (p = h and
q = k), then

Cp, = Cq, = Cpp2 = Cq2 = Clpitg)2 = Cp—gp2 = 0

fori=1,2,3.
Accordingly,
Kiy=Ky =0 Ky = Ez(h)s
Ky = Ez(k)a Ky =0,

and (7) reduces to the product of two uncorrelated
Wilson’s distributions,

PROBABILITY DISTRIBUTION FUNCTION OF STRUCTURE FACTORS. III

P(Agy, Age) = (275)_1[22(11)22(]‘)]71/2
X exp[—AG,/25,(h) — AG /2, (K)].

K, is different from zero when p has integral and q has
non-integral components, or vice versa. A particular case
of great interest (the canonical case) occurs when one
of p and q has half-integral indices and the other has
integral indices; this case will be treated in §7.

When p is very close to q, the correlation between A,
and A, increases and

Ky = (AgAy,) = (A7) = Ky

In agreement with this result, (p + q) = 2p, (p — q) =0
and our K, expression reduces to K,,. The distribution
(7) has to be singular when p = q; accordingly, the
condition A = 0 will make (7) singular.

4. The distributions P(A,, A,) and P(|F,|[|Fy)

Several distributions can be inferred from (7): as
examples, we shortly describe here how to obtain
P(A,, Ay) and P(|Fy|, |Fy|).
In accordance with (1) and (2), we can write
(provided p, and ¢, are not half-integers)
P(A,, A,) = 1) A Peos(np,) cos(g, )]
x exp (= (24) " {KlA,/ cos(mp,) — Kol
+ Kzo[Aq/ cos(mq,) — K()l]2
- 2K11[Ap/ cos(np,) — K]
X [Aq/ cos(rq,) — K01]})~
If p, and g, are half-integers, A, = 0 and A4 = 0: the
distribution P(A,, A4) may then also be calculated in
this case.
Because of (6),
P(|Fp|v |Fq|) = P(A0p1 A()q) + P(_A()p’ A()q)

+ P(=Agy, —Agg) + P(Agy, —Agy)-

Op» Op»

Then,
PIE) = PURL 1F) [ [ PORL ED AR )

The integral in the denominator of (8) can be obtained
by repeated application of the relation (37). We obtain

P(F,|IF,) = 2/7)" (K / A)?
x exp[—Ky, |F,|*/QMIT/S,  (9)

where
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T= eXp{—[—K11|Fqu| — (KK — K01K11)|Fp|
— (K Ko — KoKy Fyll/ A}
+ eXP{—[_KM|Fqu| + (Kpp Ko — K01K11)|Fp|
+ (Ky Ko — KioKp)IFll/ A}
+exp{—[+K; |F,Fy| — (Kp K1y — Ko K| F,|
+ (K Ko — KioKi1)IFyll/ A}
+ exp{—[+K, |Fqu| + (KpKyp — K01K|1)|Fp|
— (Ky Ky — KioK1)IFyll/ A},

§=2 eXP{A_l[(KzoK(n - K10K11)|Fq|
+ (=K |Fy| — KKy + Ky K1) /(2K
+ 2exp{AT[(Ky Ky — K Kiy)IFyl
— (=KulFy| + KpKyy = Ko K11)’ /K op)]}-

If K;; = 0 then the two diffraction moduli are uncor-
related and

P(IFIIFy]) = [2/(xKx)]"? expl[=Kiy/(2Ky)]
XeXP[_|Fp|2/(2K20)] COSh(|FP|K10/K20)a
which coincides with the P(|F,|) distribution given in
paper II [see equation (I1.9)].
If Ky # 0, |F,| may be estimated even if |F,| is known
and @q is unknown. This is obvious when p and q are

very close to each other (e.g. ¢; = p; £ 0.1 fori =1, 2, 3),
but less obvious in other cases.

5. The distribution P(|F,||F,), P(p,|IF,}, F,)

Let us suppose that both the modulus and the sign of Ayq
are a priori known. Then the conditional distribution
P(AgplAoq) may by calculated from (7). We obtain

P(A(]p|A()q) = (27TV()p)7l/2 exp[_(A()p - m()p)z/(zv()p)]’

(10)
where
Vop = A/Ky (11)
is the variance of the distribution (10), and
my, = (A0p|A0q) =Ky + Kll(A()p —Ky)/Kp, (12)

is the expected value of Ag,. We observe:

(i) The distribution (10) is a Gaussian, and reduces to
(IL5) [e.g. to P(App)], whether in absence of information
on Ay, or when K;; = 0. Accordingly, if p has integral
components, only reflections with non-integral indices
will contribute to the estimation of A, A less obvious
statement is the following: if the components of p are
non-integral indices, all Ayq are correlated with Agp. To
show that the statement is true, let us consider the case
in which p = (2.5, 1.5, 3.5). For any reflection q having
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half-integral indices, both (p; + ¢;) and (p; — q;),i =1, 2,
3, are integers and consequently

Cprap2 = Coi—qp2 =0
for i =1, 2, 3. However, K;; # 0 because

Cp1 /26, /2€p312€4,12C4, /264,12 F O-

Consider now p = (2.4, 1.6, 3.7). No reflection q may be
found for which both (p; + ¢;) and (p; — ¢q;), fori =1, 2,
3, are integers, so that Ky, # 0.

(ii) The expected value of Ag, is equal to K if Agq is
unknown. Prior knowledge of Ayq modifies the above
expectation by the additional contribution [Ky;(Agq —
K1)/ K], which depends on the difference between Ao,
and K. Reflections for which Ay, is very different from
Ky will strongly contribute to establish the expected
value of A,. Since K = 0 for conventional reflections,
their influence on the estimation of F, will increase with

q(iii) The variance associated with the estimate of Ag,
is vy, = (Ky — K7;/Kq,). Since Ky is the variance of the
estimate when A, is unknown, we obtain vy, < Ky;: in
simpler words, prior knowledge of Ayq improves the
reliability of the estimate of A, The variance will
remarkably decrease when Kj; is large, which mostly
occurs when +q or —q is very close to p.

Since |F,| = |Agg, the distribution (10) may be used to
calculate the distribution

P(IFy||Agg) = [2/(1vep)"? expl=(IF, " + miy)]
x cosh(my,|F,|/vop)s
from which [see (39)]
(1Fyl|Agg) = moy @mg, /(2vy,)"]
+ v/ ™) expl—mg, /2v5,). (14)

In practice, F is more directly accessible than A,
therefore the distribution P(|F,||F,) may be more useful
than (13). Owing to the identity

F, = Ay expling,),
we can rewrite (13) in the form

P(IF,IF,) =~ [2/(rvg,)]'"? exp[—(IF, | 4+ m5,)/(2v,,)]

(13)

x cosh(m, |Fy|/vep), (15)
where
mg, = Ky + Ky {|Fq| eXp[i(qu —nq,)] — Ko}/ Koo
=K+ Kll[qul COS(‘Pq —nq,) — Ky 1/ Koo (16)
and
Vop = A/Kp. 17)

Equation (15) gives the probability distribution of a
structure-factor modulus when another structure factor
is known in modulus and phase. It allows the available
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information to be extrapolated beyond the experimental
data, e.g. Fqy may be a phased standard reflection and Fj,
a rational index reflection, or, vice versa, Fy may be a
rational index reflection and F, a standard index
reflection at resolution higher than the experimental
one.

On applying (39) to (15), we obtain

(IF,IF,) = mo, ®[mq,/(2v4,)"*]
+ v /)" exp[—mi, /2y, (18)

with mg, and v, given by (16) and (17).

On applying (40) to (15), the conditional expected
value of |Fp|2 may be obtained,

<|Fp|2|Fq> :m%p—i_v()p‘ (19)

We see that the conditional expected value of |FP|2 is
particularly simple: it equals mgp only if vy, vanishes.

Let us now derive from (10) the distribution
P((pp||Fp|2, Fy). Let s5q, be the sign of Ag,. If we indicate
by P(so, = 1) the probability that s, is equal to 1, we
have

P(sgp = —1]| Ayl Agg)/P(sgp = +111Agy ] Agy)
~ expl[—(|Agy| — mgp) /(204p)]
x {exp[—(|Agy| — m0,)" /2vgy)1}
> exp(—2|Ag, 15/ Vep)-

Since
P(SOp = +1||A0p|a A()q)
= {1 + P(SOp - _1||A0p|7A0q)
X [P(Sop = +1||A0p|? Aoq)]il}_a
we have

P(sop = +1[|Agyl, Agg) = 0.5 + 0.5 tanh(| Ay, |y, /vep)-
(20)

The relation (20) is the basis for a more useful rela-
tionship involving F instead of A. Since (a) the prob-
ability that s, is positive is exactly equal to the
probability that ¢, = (7p,), (b) |Aopl = |Fpl, (¢) Fq =
Agg exp(img,) from which Agq = |Fy| cos(p,— 7q,), we
have

P(p, = 7p,||F,|Fy) = 0.5 + 0.5 tanh(|F, [, /vo,),
(21)

where my, is given by (16). If P > 0.5 then ¢, >~ mp,,
otherwise ¢, ~ (7p, + 7).

Relationships (18) and (21) are the desired mathe-
matical formulae for estimating modulus and phase of a
structure factor F, from prior knowledge of F.

PROBABILITY DISTRIBUTION FUNCTION OF STRUCTURE FACTORS. III

6. The distributions P[|Fpl||(ij, j=2,...,n+ 1],

P[Fpll(Fp_,.’j:25~~~7n+1)]

The relations (18), (19) and (21) answer questions like
how |F,| and ¢, may be estimated when F, is known. If
more than one structure factor is a priori known, the
above question becomes how |F, | and ¢, may be esti-
mated when Fp/,,j =2,...,n+ 1, are a priori known.
The problem may be solved if the distributions

PlIFy [[(Fyj =2, ...,n+ 1),
Plp, |(Fy.j=2.....n+1)]

are derived. The following notation is introduced to
make the mathematical formulae shorter:

(a) Aopy Fyy 0p, = Aoy Fy 9, respectively,

(b) the first-order cumulants K;o(p;) are denoted by
K;,

(¢) K, represents the mixed cumulants between Aoy,
and Aopﬂ,

(d) Kj; represents the second-order cumulants K5, of

Op )
We have

ntl ntl
Cluy, uy, ..., u,) = exp (i > Ku;—05%" K]-ju]?
= =1

n+1 n+1
- Z Kyjugu; — Z Khh”ﬁ%)!
j=2 2>h=2
where C is the characteristic function of P(Ag,,...,
Aons1) and uy, ..., u,,, are the carrying variables asso-
ciated with Aqy,. .., Ag..1, respectively. Then,

P(A()l ’ A()Z’ ctt A0n+l)
+o00 +00 o o
~ Q) " [ ... [ exp(iTU)exp(—1UKU)dU,
—00 —00
where
U= (s tyy ooy Uyy),
T=(d.d,,....d,,),
d, =K, — Ay,
Kll K12 K1n+1
K12 K22 K2n+1
K= ) .
Kl n+1 K2n+1 Kn+l n+1

K is a variance—covariance matrix: by definition
(det K) > 0. After some calculations, we obtain

P(AOI’ 14027 cee A0n+1)

~ 2m) "2 (det 1)/ exp(— ITAT),  (22)
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where 2 = K™'. In a more explicit form, (22) may be

written as

P(A()l’ AOZ’ cee A0n+1)

~ (27) "2 (det 2)! % exp ( -1 Z Ad?
=

T

n+1 n+1
Z )‘lldl Z )‘]1 /zdll d]z)

J2>h=2

from which

P[Ao1|(A0,~,j =2,...,n+1)]
= [y /@))% expl— 5211 (Ag — My’ (23)
where
n+l
My =K, + Ay Z)‘U ; (24)

is the conditional expected value of A(,. Equation (23) is
a normal distribution: Ag; is normally distributed about
M, with variance given by

Vo = AL

As in §5, we can rapidly derive from (23) the related
distributions and relationships, i.e.

(a)
P|F||(F;, j=2,....n+1)]
= [2/(xVo)1 exp[—(1F, " + M§,)/(2Vy))]
X cosh(M01|F1|/V01), (25)
where
M(n - K + V01 ’f)‘l/ ,, (26)
d; = K; — |F;| coslg, — 7p,(j)].
(b)
Fle = (IR I(Fj=2.....n+1))
= Mg, |®[|My;|/2V)" "]+ 2V /m)°
X eXP[_Mgl/(ZV(n)l 27)

If V,, = 0 then ®[|M,,|/(2V,,)"*] =
a condition, (27) reduces to

®(0c0) = 1; in such

(IFI(F,j=2,...,n+ 1)) = [My].
()
(IF,PI(Fi.j=2,....n+ 1)) = Mg, + V. (28)
(d)
Plg, = np|(F;,j=2,...,n+1)]
= 0.5+ 0.5 tanh(|F,| M,/ V). (29)
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The relations (25)—(29) are the main result of this paper.
They can exploit all of the available information, no
matter the type of the reflections and their number.

7. The canonical case

The joint probability distribution (22) and the condi-
tional distributions (23), (25) and (29) are valid under
quite general conditions. Indeed,

(a) the indices of the reflections may be arbitrarily
chosen,

(b) the value of n is also a free choice; obviously,
larger values of n will give rise (in the statistical sense) to
more reliable estimates.

However, when n is large, the use of (26) and (29)
involves high-order K and A matrices. Since the cumu-
lants K1,(j1, j») are often non-negligible, the matrices K
are non-diagonal, and their inversion, for very large
values of n, may be critical and time consuming. A
remarkable simplification of the process may be
obtained when (the canonical case) F), is a half-integral
reflection and Fp/, j = 2,...,n+1, are standard
reflections (first option); or F, is a standard reflection
and F,,,, j=2,...,n+1, are half-integral index
reflections (second option). In both of the above
options, the assumption K;; =0 may be made for
(1. j2) # (1, j,) and (ji, j») # (j» 1). Indeed [see the
definition of K;,(p, q) in §3]:

(a) In the first option, all the three terms in Ky(p, q)
which multiply X,,(p, q) are identically equal to zero
when p and q are vectors with integral components.

(b) In the second option, only two of the terms in
K,1(p, q) are equal to zero [indeed (p + q) and (p — q)
are vectors with integral components]. The third term is
different from zero, but the maximum value that its
modulus may assume is [(sin 77/2)/(r/2)]°, attained when
p=1/2,1/2,1/2), q = (£1/2,+1/2,+£1/2). As soon
as some of the six components increase, the third term
rapidly decreases. Thus, K;;(p, q) are not negligible only
when pairs p and q are both close to the origin of the
reciprocal space.

In the canonical case, therefore, the matrix K may be
reduced to the form

Kll K12 K13 K1n+1
K, Ky 0O ... 0
K=| Ki

Ky ... 0

Kl n+1 0 0 O Kn+l n+1
where all the elements are vanishing except the diag-
onal, the first row and the first column entries. In this

case, the value of (det K), calculated via the Laplace
development, is
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n+1
(det K) = Ky, Ly; + Z KLy,

=
where L;; is the cofactor of K;;. We have

n+1

11 - 1_[ Jj?

n+1

_K1f1 1—1 Jal2*
h#h=2

Lljl =

Therefore,

j=2 h#Eh=

n+1 n+1 n+1
(det K) = [] K — > K%;I l_[
=1

JaJ2 :|

As an example, if n = 4,

(det K) = (K, ... Ks5) — (K}, K3 K4y Kss)
— (KK Ky Kss) — ... — (Ki5sK K3 Kyy).
Now
n+1
Ayl = (det K)/Ly, =K, — 2; Ki;/K; (30)
=
Mj/riy = [Lyj(det K)][(det K)/Ly,]
n+1 n+1
|: Kl] l_[ ]212:| 1_[ J2 iz
Jh#Eh=
= —K;/K; (31)

The relations (30) and (31) allow a strong simplification
in the use of the formulae (25)—(29). Indeed, the inver-
sion of the matrix K is no longer necessary and the
simplified expressions for estimating the parameters
necessary to estimate the modulus and of the phase of
the reflection p are

My (p) = K,(p) + ZKH(IL Q)
q
x [|Fyl cos(p, — q,) — Ki(q)]/K,(q),

Vo = Ky(p) — Z[Klzl (P, 9)/K,(q)].
q

(32)

(33)

8. Applications

Our approach is quite general: any reflection with
rational indices (integral indices included) may be esti-
mated via any set of reflections, irrespective of the
nature of their indices. To reduce the amount of calcu-
lations, we restrict our attention to reflections with
standard (i.e. integral) indices (SI) and to half-integral
index (HI) reflections [e.g. (1/2,3/2,5/2) belongs to the
set HI, (3/2,0,9/2) or (1/2, 3, 7/2) do not belong to the
set].
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Table 1. Estimation of half-integral indices reflections

Nr is the number of HI reflections which are estimated via a number of
SI reflections lying in the corresponding NINTO interval.

NINTO Nr

128-145 157
145-162 226
162-180 241
180-197 250
197-214 265
214-231 263
231-148 252
248-266 260
266-300 1714

The published atomic coordinates of NEWQB (Grigg
etal,1978;a =10.3764, b = 132760, c = 14.6548 A, a0 =
98. 712 B = 95.258, y = 93.204°) were used to calculate
SI and HI structure factors up to 1.04 A resolution. 3675
SI and 3628 HI structure factors (Friedel opposites
excluded) were so obtained. The isotropic vibrational
parameter B = 5.0 was used for all the atoms.

The efficiency of formulae (27) and (29) was checked
by estimating HI structure factors from known SI
structure factors and vice versa. Owing to the prob-
abilistic nature of our approach, we were able to involve
in the calculations an arbitrary (the total or a partial)
amount of prior information. We decided to estimate
each HI structure factor p from the subset of SI struc-
ture factors contained in a given sphere centred on the p
reflection since they are (statistically) the most effective
in defining the estimates.. To limit the computing time,
the radius of the sphere was assumed to be equal to
0.33 A~ The number of SI structure factors consti-
tuting the prior information varies with p. The trend may
be deduced from Table 1, which may be read as follows:
of the 3628 HI reflections, Nr = 1714 (last line of Table
1) were estimated via a number of SI structure factors
lying between 266 and 300, Nr = 260 were estimated via
a number of SI structure factors lying between 248 and
266 etc. Table 1 suggests that a non-negligible percen-
tage of HI structure factors is estimated via a relatively
small set of SI structure factors. Such HI reflections are
mostly those close to the boundary of the ‘measured’
Ewald sphere: a reduced number of SI reflections is
exploited also when the 0.33 A" radius sphere contains
Friedel opposites.

The estimates obtamed via (27) are ranked in Table 2
according to | 21|est / V01 Nr is the number of estimates
with |F) |/ V01 > ARG, R is the corresponding residual
value given by

R= (; |IE,| - |Fp|est1)/<§lel)v

where F, is calculated from the published atomic coor-
dinates, | wlest is the corresponding estimate provided by
(27). Table shows that, in spite of the limited amount of
prior information, accurate estimates of the moduli |F,|
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Table 2. Estimation of half-integral indices reflections

Nr is the number of estimates with |F1|es‘/V[l)1/2 > ARG, R is the
corresponding residual value given by R:(Epllel — |Fp|65[|)/(EP\FP|).

ARG Nr R

0.80 3628 0.37
0.97 2594 0.33
1.23 2005 0.31
1.50 1607 0.28
1.77 1288 0.26
2.03 1058 0.25
2.30 814 0.23
2.57 652 0.22
2.83 534 0.21
3.10 421 0.19
3.37 322 0.18
3.63 253 0.17

Table 3. Estimation of half-integral reflections

Nr is the number of estimates with |FP|MUP/V(11/2 > ARG and % is the
percentage of the correct phase estimates.

ARG Nr %
0.0 3628 85
0.5 3486 86
1.0 3349 87
2.5 3221 89
4.0 3100 90
5.5 2991 91
7.0 2873 93
9.5 2472 96

12.0 2180 96

14.5 1996 97

17.0 1824 97

30.0 1071 99

50.0 688 100

60.0 573 100

70.0 469 100

Table 4. Estimation of integral indices reflections

Nr is the number of SI reflections which are estimated via a number of
HI reflections lying in the corresponding NINTO interval.

NINTO Nr

118-136 127
136-154 342
154-173 232
173-191 256
191-209 252
209-227 265
227-245 233
245-263 258
263-300 1709

are always obtained, except for small values of
|Filest/ Vélz. The estimates improve when the radius of
the sphere around p is enlarged (the results are not
shown for brevity).

The efficiency of (29) for the sign determination may
be deduced from Table 3, where Nr is the number of
estimates with |Fp|Mop/Vé]/2 > ARG and % is the
percentage of the correct phase estimates. Tables 2 and
3 suggest that wrong estimates (of both modulus and
phase) mostly occur for small moduli |Fy).
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Table 5. Estimation of integral indices reflections

Nr is the number of estimates with \F1|es[/V(l)1/2 > ARG, R is the
corresponding residual value given by R:(Epl [Fpl— |FP|ES[|)/(ZP\FP|).

ARG Nr R

0.80 3675 0.46
0.97 2578 0.43
1.23 1957 0.40
1.50 1577 0.38
1.77 1279 0.36
2.03 1014 0.34
2.30 823 0.33
2.57 666 0.32
2.83 523 0.32
3.10 410 0.31
3.37 217 0.31
3.63 250 0.32

Table 6. Estimation of integral reflections

Nr is the number of estimates with \FleOp/V(l,l/Z > ARG and % is the
percentage of the correct phase estimates.

ARG Nr %
0.0 3675 79
0.5 3537 80
1.0 3407 81
2.5 3264 82
4.0 3154 83
5.5 3031 84
7.0 2931 84
9.5 2501 86

12.0 2196 88

14.5 1952 90

17.0 1766 91

30.0 1072 93

50.0 682 93

60.0 558 93

70.0 467 93

Analogous results have been obtained when SI
reflections were estimated via HI reflections (as calcu-
lated from published atomic coordinates). They are
summarized in Tables 4, 5 and 6. It may be observed that
the results in Tables 5 and 6 are slightly poorer than
those quoted in Tables 2 and 3. This is because, in the
second option of the canonical case, the matrix K is not
identical to but only approximated by the simpler form
described in §7.

9. Conclusions

The method of joint probability distribution functions
has been generalized to involve structure factors with
rational indices. Formulae estimating modulus and
phase of a given structure factor (with rational or inte-
gral indices) have been derived, provided the moduli
and/or the phases of other structure factors are a priori
known. The restraint that the indices of the reflections
have to constitute structure invariants or seminvariants
is no longer necessary.
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To understand the possible applications of this paper,
a final remark might be necessary. Rational indices
have found various applications in crystallography: they
are involved in the rotation function for molecular
replacement methods, in the solution of problems
involving non-crystallographic symmetry (for brevity
we do not quote the wide literature on these two
subjects), in the determination of the signs of the
centrosymmetric structure factors (Boyes-Watson et al.,
1947). In recent years, a revival in the interest of
reflections with non-integral indices has occurred,
originated by a seminal paper by Ramachandran (1969),
who investigated the possible use of the Hilbert trans-
form in crystallography. His equations involve unknown
derivatives: a solution of the problem was proposed by
Mishnev (1993) through the application of the Shannon
(1949) sampling theorem, and applications were made
by Zanotti et al. (1996).

The present paper is the first to describe a probabil-
istic approach to the use of the reflections with rational
indices. Its connections with the algebraic approaches
described in the above-mentioned literature will not be
discussed here, and is postponed to the next paper of
this series, where the case P1 will be illustrated.

APPENDIX A
Let us suppose that in the space group P1 the primitive

variables, x;, y;, z;, j = 1,..., N, are independently and
uniformly distributed in the interval (0, 1). Then
my = <A0pA0q>

N/2
=4 ; fi(P)fi(@)(cos(p, — 27p - 1))

N/2
x cos(mq,—2mq-x)) +4 Y f(p)fi(q)

J1#h=1

X (cos(mp, — 27p - 1;) cos(mq, — 27q - 1;))
N/2
= |:4 X;J”,-(P)f;(‘I):| {0.5¢, 4 cos[(p + q,)]
=

+0.55, 14 sin[7(p; + q,)] + 0.5¢,
+0.5s,_q sin[7(p; — g,)]}

—q C08[7(p; — )]

[4 Z 5 (P)ﬁz(q)][c cos(mtp) + s, sin(zp,)]

F#h=1

X [cq cos(mqy) + s, 5in(7q,)], (34)

where (see §1.12)
= (cos(27p - 1))

= Cpl CPz C['z Cplspzsps sPlspz CIJ3 - sPl CPZSP3 ’
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sp = (sin(27p.r)))
= splcpchs S szsps - cPlspz CP3 - cl’l CstP3'
Since
(a)

N/2
[g f,-(p)} [Z fi (q)} [0.5%,(p)][0.5%(q)]

= Zf )f(q) + Z £, ), (@)

J1#52=1

=0.5%,(p, q) + Z 5, @), (@),

J1#i=1

()
Cap €OS(27TD,) + 55, SiN(271p,) = ¢, ¢, C

P1 P2 P3°

we can rearrange (34) into the following expression:

my; = Zy(p, q){cmﬁ»ql)/2c(p2+q2)/2c(p3+q3)/2
+ Co1-41)/2€r-0)2C (p3—a5)/2}
+[Z(P)Zi(q) — 22, (p, 9)]
X (€p,12€p,/26p3/2€4, /264, /2C 432)
= Zy(p. q)[c(pl+q1)/ZC(p2+q2)/ZC(p3+q3)/2
+ Co1-)/2€(0-4)/2C(p3—a5)/2
= 206y, /26, /26p3/2C4,12C4,/2C432)

+ Z1 @) X1y, 1265, /265,264, 12C4,12C4,/2))s

which is the required expression for my,. The value of
K quoted in §3 easily follows from the relation K;; =
myy — My .

APPENDIX B

We collect here, for the convenience of the reader, the
main integration formulae used in this paper (Grad-
shteyn & Ryzhik, 1965),

oo

[ exp(=px® +2qx) dx = (/p)'"* exp(q®/p), (35)
jfo xexp(—px? + 2gx) dx = (q/p)(r/p)'"”* exp(q®/p),
(36)
[ exp(—px® +2qx) dx = 27 (/p)"" exp(a’/p)
0
x [1+®(q/p"™)]. (37

where
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O(x) =277 [exp(—£) dt
0
is the probability integral;
[ xexp(—px? + 2¢x) dx

—00

=2p)"" + 19/ /p)"* exp(d®/p)

x [1+ ®(q/p")]. (38)

[ x exp(—px?) cosh(gx) dx
0

= [q/(4p))(r/p)"” exp(q® /4p)Plq/(2p" )] + (2p) ",
(39)

| x exp(—px?) cosh(gx) dx
0

= 7'2Q2p + q°) exp(q’ /4p)/Bp’p"?).  (40)
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